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Abstract
We construct a bicovariant differential calculus on the quantum group
GLq(3), and discuss its restriction to [SU(3) ⊗ U(1)]q. The q-algebra of
Lie derivatives is found, as well as the Cartan-Maurer equations. All the
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It is tempting to use quantum groups [1]–[4] for the construction of generalized
gauge and gravity theories. Some initial work in this direction can be found in
refs. [5]-[8] for q-gauge theories and in [9], [21] for q-gravity theories. The basic
idea of ref. [9] is to obtain a q-gravity theory as a “gauge” theory of the quantum
Poincare´ group (or of the quantum De-Sitter group). For this we need to study the
differential (non-commutative) geometry of the relevant q-Poincare´ (or q-De Sitter)
group. As a first step, the bicovariant calculus on the D = 2 q-Poincare´ group was
developed in [9].
On the other hand, the differential geometry of the quantum SU(2) and SU(3)
groups is of interest in the construction of q-deformed gauge theories that reduce to
the standard model for q → 1. The Cartan-Maurer equations for the q-analogue of
the left-invariant one-forms define the field strengths, as in the classical case, and
one can find an action of the type F iµνF
j
µνgij invariant under the q-group symmetries
[7].
The differential calculus on q-groups, initiated by Woronowicz [10], has been
developed in a number of papers from various points of view [11]-[22]. The general
theory being still in its infancy, we feel that explicit non-trivial examples may
be inspiring, and in this Letter we present a (bicovariant) differential calculus on
GLq(3) and on its restriction to [SU(3)⊗ U(1)]q.
The quantum group GLq(3) is defined [3] as the (associative) algebra A freely
generated by:












where the R matrix is given in Table 1, the rows and columns being numbered












a sufficient condition for the consistency of the “RTT” relations (1). One can also
think of the indices ab of T
a
b as composite indices taking the values 1, ...9 (with
11→1, 12→2, 13→3, 21→4, 22→5, 23→6, 31→7, 32→8, 33→9), so that









Then the relations (1) take the explicit form:
T1T2 = qT2T1, T1T3 = qT3T1, T2T3 = qT3T2,
T1T4 = qT4T1, T1T5 = (q − q
−1)T4T2 + T5T1, T1T6 = (q − q−1)T4T3 + T6T1,
T2T5 = qT5T2, T2T6 = (q − q
−1)T5T3 + T6T2, T1T9 = (q − q−1)T7T3 + T9T1,
T2T8 = qT8T2, T2T9 = (q − q
−1)T8T3 + T9T2, T3T9 = qT9T3,
T4T5 = qT5T4, T4T6 = qT6T4, T5T6 = qT6T5,
T4T7 = qT7T4, T4T8 = (q − q
−1)T7T5 + T8T4, T4T9 = (q − q−1)T7T6 + T9T4,
T5T8 = qT8T5, T5T9 = (q − q
−1)T8T6 + T9T5, T6T9 = qT9T6,
T7T8 = qT8T7, T7T9 = qT9T7, T8T9 = qT9T8.
(4)
all other commutations being trivial. For q → 1 all elements commute (the Rab cd
matrix becomes δac δ
b
d, cf. Table 1).
ii) the identity element I and the inverse ξ of the q-determinant of T , defined
by:




(−q)l(σ)T 1 σ(1) · · ·T
n
σ(n) (6)
where l(σ) is the minimum number of transpositions in the permutation σ. Explic-
itly:
detqT = T1T5T9 + q
2T2T6T7 + q
2T3T4T8 − qT1T6T8 − q
3T3T5T7 − qT2T4T9 . (7)
It is not difficult to check that ξ and detqT commute with all the elements T
a
b.
The non-commutative algebra generated by T a b, I and ξ is a Hopf algebra, i.e. we
can define a coproduct ∆, a counit ε and a coinverse κ:




b, ∆(I) = I ⊗ I (8)
ε(T a b) = δ
a
b , ε(I) = 1 (9)
κ(T a b) = (T
−1)a b, κ(I) = I. (10)
the (matrix) inverse of T being given by(cf. [3]):
(T−1)a b = ξ


T5T9 − qT6T8 −q
−1T2T9 + T3T8 q−2T2T6 − q−1T3T5
−qT4T9 + q
2T6T7 T1T9 − qT3T7 −q
−1T1T6 + T3T4
q2T4T8 − q
3T5T7 −qT1T8 + q
2T2T7 T1T5 − qT2T4

 (11)
From eqs. (7) and (5) one deduces the co-structures on detqT and ξ:
∆(detqT ) = detqT ⊗ detqT, ∆(ξ) = ξ ⊗ ξ (12)
ε(detqT ) = 1, ε(ξ) = 1 (13)
κ(detqT ) = ξ, κ(ξ) = detqT (14)
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For q ∈ R a q-analogue of complex conjugation (∗-structure) can be consistently
defined on A as [3]:
T ∗ = (T−1)t (15)
This unitarity condition restricts GLq(3) to its quantum subgroup [SU(3)⊗U(1)]q .
The further constraint detqT = I yields SUq(3). Other real forms of GLq(3) can be
considered, via a more general unitarity condition [3].
The differential calculus we are about to construct can be entirely formulated in
terms of the R matrix. This is true for all quantum groups of the A,B,C,D series.
The general constructive procedure can be found in ref. [17], or, in the notations
we adopt here, in ref. [21]. There the reader can find the derivation of the general
formulas appearing later in this Letter.
As discussed in [10] and [17], we can start by introducing the (quantum) left-
invariant one-forms ω ba , whose exterior product
ω a2a1 ∧ ω
d2
d1
≡ ω a2a1 ⊗ ω
d2
d1
− Λ a2 d2a1 d1 |
c1 b1
c2 b2




is defined by the braiding matrix Λ:











For q → 1 the braiding matrix Λ becomes the usual permutation operator and one
recovers the classical exterior product.
In the case of GLq(3) there are nine independent left-invariant one-forms ω
b
a ,
a,b=1,2,3, and we number them ωi, i=1,...9, according to the same index convention
used for the matrix elements T a b, i.e. ω
1
1 → ω
1, ω 21 → ω
2 etc. The d vector in (17)
is given by d1 = q, d2 = q
3, d3 = q
5.
The commutation relations for exterior products of ω ba are deduced from the
formula [valid for all GLq(N)], cf. [21]:
ωi ∧ ωj = −Z ij klω






[Λij kl + (Λ
−1)ij kl]. (19)
For GLq(3), these relations are collected in Table 2 (we have omitted the wedge
symbol in the exterior products between the ω).
As in the classical case, the left-invariant 1-forms ω ba are a basis for the space Γ
of quantum 1-forms, i.e. any ρ ∈ Γ can be expressed as ρ = ab
a ω ba , with ab
a ∈ A.













where M b1 a2b2a1 , the adjoint representation, is given by




The q-analogue of the fact that left and right actions commute is given by the
property
(id⊗∆R)∆L = (∆L ⊗ id)∆R (23)
The bimodule 1 Γ is further characterized by the commutations between ω ba and














, ω a2a1 ξ = s
−3q2 ξω a2a1 (25)
where s is a complex arbitrary scale (whose classical limit is 1), cf. refs. [20] and
[21]. From eq. (25) we see that s = q
2
3 is a “canonical” choice for s (then detqT and
its inverse ξ commute with any element of Γ). Equations (24) also allow to find the
commutations between a generic ρ ∈ Γ and a generic a ∈ A, since any ρ is a linear
combination of ω ba with coefficients belonging to A, and any a is a polynomial in
the T a b.
Table 3 contains a list of the commutations (24) for GLq(3), with s = 1. The
case s 6= 1 is recovered by multiplying the right-hand sides of Table 3 by s.
The induced ∗-structure on the ω’s is given by [16], [17]:
(ω a2a1 )
∗ = −ω a1a2 (26)
and is extended to Γ via the rules
(aρ)∗ = ρ∗a∗, (ρa)∗ = a∗ρ∗. (27)
This ∗-structure is compatible with the left and right action of the quantum group,
i.e.





∗, ∀ρ ∈ Γ (29)
where (a⊗ b)∗ ≡ b∗ ⊗ a∗, (a⊗ ρ)∗ ≡ a∗ ⊗ ρ∗, (ρ⊗ a)∗ ≡ ρ∗ ⊗ a∗, ∀a, b ∈ A, ρ ∈ Γ.
The exterior differential on Γ∧k = Γ ∧ Γ ∧ · · · ∧ Γ (k-times) is defined by means








[τ ∧ θ − (−1)kθ ∧ τ ], (30)
1“bimodule” meaning that ρ ∈ Γ can be multiplied on the right and on the left by elements
a ∈ A. In general aρ 6= ρa.
4
where θ ∈ Γ∧k. The normalization 1
q−q−1 is necessary in order to obtain the correct




[τa− aτ ]. (31)
This linear map satisfies the Leibniz rule
d(ab) = (da)b+ a(db), ∀a, b ∈ A; (32)
and has the properties
d(θ ∧ θ′) = dθ ∧ θ′ + (−1)kθ ∧ dθ′ (33)
d(dθ) = 0 (34)
d(θ∗) = (dθ)∗ (35)
∆L(dθ) = (id⊗ d)∆L(θ) (36)
∆R(dθ) = (d⊗ id)∆R(θ), (37)
where θ ∈ Γ∧k, θ′ ∈ Γ∧k
′
. The ∗-structure on Γ∧n can be inferred from the rule
(θ ∧ θ′)∗ = (−1)kk
′
θ′∗ ∧ θ∗ (38)
The properties (36), (37) express the fact that d commutes with the left and right
action of the quantum group, as in the classical case. Moreover, for a generic ρ ∈ Γ
we have
ρ = akdbk, ak, bk ∈ A (39)
The relations of Table 6 can be inverted to yield the ω ba in terms of the dT
c
d, thus
proving the decomposition (39).
The bimodule Γ and the mappings d,∆R,∆L with the above properties define
a bicovariant differential calculus on the q-group [10].
The “quantum Lie algebra generators” are linear functionals on A (i.e. belonging









χ ∗ a ≡ (id⊗ χ)∆(a), ∀a ∈ A, χ ∈ A′ (41)
By taking the exterior derivative of (40), requiring that d2 = 0 and using the fact




































The ∗-structure on A induces a ∗-operation on the q-generators as follows:
(χa1a2)
∗(a) = χa2a1(κ
−1(a∗)), ∀a ∈ A (44)
where the overline denotes the usual complex conjugation. As an example, let us

















where the dagger † means usual hermitian conjugation of the matrix that represents
χa2a1 .
The GLq(3) Lie algebra relations are presented in Table 4, with the standard
index convention already used for the T a b and the ω
b
a . In the limit q → 1, we recover
the SU(3)⊗U(1) Lie algebra in the Cartan basis. The two commuting U(1)’s inside







(χ1+χ5−2χ9), and the remaining U(1)
by χ1+χ5+χ9. The generators
1√
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(χ2, χ3, χ6, χ4, χ7, χ8) correspond to the roots of
the SU(3) hexagon, ordered counterclockwise, with χ2 on the positive x-axis. Note
that the q-generators χ5, χ9, χ6, χ8 close on the GLq(2) q-Lie algebra discussed for
ex. in ref. [21] (there the generators are denoted by χ1, χ2, χ+, χ−). In the limit
q → 1, the rule (47) can be verified to yield the familiar relations χ2 = (χ4)
† etc.
The Cartan-Maurer equations are found by applying to ω c2c1 the exterior differ-




(ω bb ∧ ω
c2
c1
+ ω c2c1 ∧ ω
b






∧ ω b2b1 . (48)
In order to obtain an explicit expression for the C structure constants in (48)
which reduces to the correct q = 1 limit, we must use the relation (18) for the
commutations of ω a2a1 with ω
b2
b1
. Then the term ω c2c1 ∧ω
b
b in (48) can be written as
−Zωω via formula (18), and we find the C-structure constants to be:












[Λ c2 bc1 b |
a1 b1
a2 b2






















where we have used (see for example [21])







By considering the analogue of (17) for Λ−1, it is not difficult to see that the terms
proportional to 1
q−q−1 cancel, and the q → 1 limit of (49) is well defined.
The Cartan-Maurer equations for GLq(3) are collected in Table 5.
Finally, we compute the Lie derivative of the q-group elements Ti and of the
left-invariant 1-forms ωi. As discussed in [21], the functionals χi are the q-analogue
of tangent vectors at the origin of the group, while ti = χ∗ = (id ⊗ χi)∆ are the
q-analogue of left- invariant vector fields. The Lie derivative along t = χ∗ of a
generic element τ ∈ Γ⊗n is defined by [21]
ℓt(τ) ≡ χ ∗ τ ≡ (id⊗ χ)∆R(τ) (51)
We refer to [21] for a discussion of the properties of the quantum Lie derivative. The
Lie derivative of ωi is essential for defining the q-gauge variations of the q-potentials
ωi, see refs. [7] and [21]. Table 6 and Table 7 contain the exterior derivative of
the T a b elements of GLq(3), and the Lie derivative of the left-invariant ω
b
a . The




















cf. ref. [21]. In Table 7 we actually give the q-analogue of the gauge variations of
the potentials ωi, i.e. δωi ≡ εkℓtkω
i, where εk is a “q-gauge parameter”.
As in the classical case, the q-Lie derivative commutes with the exterior differental:
d ℓt = ℓtd (54)
and is a representation of the q-Lie algebra, since [21]:
[ℓti , ℓtj ]q = ℓ[ti,tj ]q (55)
with [ti, tj]q ≡ [χi, χj]q ∗. The q-commutator [ , ]q is defined by the left-hand side
of eq. (42).
We conclude by observing that the GLq(2) bicovariant differential calculus of
ref. [21] can be obtained by “projecting” the GLq(3) formulas obtained in this
Letter into their GLq(2) subspace. This is done by rescaling the T , ω and χ with
indices 1, 2, 3, 4, 7 and letting the rescaling parameter go to zero.
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Table 1




q 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 λ 0 1 0 0 0 0 0
0 0 0 0 q 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 λ 0 0 0 1 0 0
0 0 0 0 0 λ 0 1 0
0 0 0 0 0 0 0 0 q


where λ = q − q−1 .
Table 2
The commutation relations between the left-invariant ωi
ω1ω1 = ω2ω2 = ω3ω3 = ω4ω4 = ω6ω6 = ω7ω7 = ω8ω8 = 0
ω1ω2 + ω2ω1 = 0
ω1ω3 + ω3ω1 = 0
ω1ω4 + ω4ω1 = 0
ω1 ω5 + ω5 ω1 +
1
2
(1− q2)(ω4 ω2 − ω2 ω4) = 0
ω1 ω6 + ω6 ω1 +
1
2
(1− q2)(ω4 ω3 − q−1 ω3 ω4) = 0
ω1ω7 + ω7ω1 = 0
ω1 ω8 + ω8 ω1 +
1
2
(1− q2)(ω7 ω2 − q−1 ω2 ω7) = 0
ω1 ω9 + ω9 ω1 +
1
2
(1− q2)(ω7 ω3 − ω3 ω7) +
1
2
(1− q2)2 ω2 ω4 = 0
ω2 ω3 + q ω3 ω2 = 0
(1 + q4)ω2 ω4 + 2 q2 ω4 ω2 + (q2 − 1) (ω1 ω5 + ω5 ω1) = 0
q2 ω2 ω5 + ω5 ω2 + (1− q2)2 ω1 ω2 + (1− q2)ω2 ω1 = 0
ω2 ω6 + q−1 ω6 ω2 +
1
2
(q−2 − 1) (ω5 ω3 − ω3 ω5) + (q2 − 1)ω1 ω3 = 0
(1 + q4)ω2 ω7 + 2 q3 ω7 ω2 + q(q2 − 1)(ω1 ω8 + ω8 ω1) = 0










(1−q2)2 ω2 ω5 = 0
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(1 + q4)ω3 ω4 + 2 q3 ω4 ω3 + q(q2 − 1)(ω1 ω6 + ω6 ω1) = 0
(1 + q4)ω3 ω5 + 2 q2 ω5 ω3 + q(q2 − 1)(ω2 ω6 + q−1 ω6 ω2) + q2(1− q2)2 ω1ω3 = 0
ω3ω6 + q−1 ω6ω3 = 0
(1+q4)ω3ω7+2q2 ω7ω3−(1−q2)2 (ω1ω5+ω5ω1)+(q2−1)(ω1ω9+ω9ω1)+2q2(1−q2)ω4ω2 = 0
(1+q4)ω3ω8+2q ω8ω3−(1−q2)2 ω2ω5+(1−q4)ω5ω2+(q2−1)(ω2ω9+ω9ω2)−2q2(1−q2)ω1ω2 = 0
q2(1+q2)(ω3ω9+q−2 ω9ω3)−(1−q2)(2−q2+q4)ω1ω3+2q(1−q2)ω6ω2+q2(1−q2)2ω2ω6 = 0
(1 + q2)(ω4ω5 + q2 ω5ω4) + q2(q4 − 1)ω4ω1 = 0
ω4ω6 + q ω6ω4 = 0
ω4ω7 + q−1 ω7ω4 = 0
ω4ω8 + qω8ω4 +
1
2
q−1(q2 − 1)(ω5ω7 − ω7ω5) + q(q2 − 1)ω7ω1 = 0
ω4ω9 + qω9ω4 +
1
2
q−1(q2 − 1)(ω6ω7 − q−1 ω7ω6) = 0
(1 + q2)2 ω5ω5 + (1− q2)2 (ω1ω5 + ω5ω1) + 2q2(1− q2)(ω2ω4 − ω4ω2) = 0
(1+q2)(ω5ω6+ω6ω5)+(1−q2)2(ω1ω6+ω6ω1)+2q(1−q2)ω3ω4−q2(q2−1)2ω4ω3 = 0
(1 + q4)ω5ω7 + 2q2 ω7ω5 + q2(1− q2)2ω7ω1 + q2(q2 − 1)(q−1 ω4ω8 + ω8ω4) = 0
















−2q2(1− q2)ω7ω3 + 2q2(1− q2)ω5ω5 + (q2 − 1)(ω5ω9 + ω9ω5) = 0
q2(q2+1)(ω6ω9+q−2 ω9ω6)+(q2−1)2 (ω1ω6+ω6ω1)+2q(1−q2)ω3ω4+q4(1−q2)2 ω4ω3+
+(1− q2 − q4 + q6)ω5ω6 + (1− q4)ω6ω5 = 0
ω7ω8 + q ω8ω7 = 0
(1 + q2)(ω7ω9 + q2 ω9ω7) + q4(q4 − 1)ω7ω1 + q2(q4 − 1)ω8ω4 = 0
(1 + q2)(ω8ω9 + q2 ω9ω8) + q4(q4 − 1)ω7ω2 + q2(q4 − 1)ω8ω5 = 0
(1+q2)2 ω9ω9+(1−q2)2(ω1ω9+ω9ω1)−2q2(1−q2)2(ω2ω4+q2 ω4ω2)+2q2(1−q2)(ω3ω7−q2 ω7ω3)
−2q2(1− q2)2 ω5ω5 + (1− q2)2 (ω5ω9 + ω9ω5) + 2q2(q2 − 1)(ω8ω6 − ω6ω8) = 0
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Table 3
The commutation relations between ωi and Tj
ω1T1 = q
−2T1ω1 ω1T2 = T2ω1 ω1T3 = T3ω1 ω1T4 = q−2T4ω1
ω1T5 = T5ω
1 ω1T6 = T6ω
1 ω1T7 = q
−2T7ω1 ω1T8 = T8ω1
ω1T9 = T9ω
1 ω2T1 = q
−1T1ω2 ω2T3 = T3ω2 ω2T4 = q−1T4ω2
ω2T6 = T6ω
2 ω2T7 = q
−1T7ω2 ω2T9 = T9ω2 ω3T1 = q−1T1ω3
ω3T2 = T2ω
3 ω3T4 = q
−1T4ω3 ω3T5 = T5ω3 ω3T7 = q−1T7ω3
ω3T8 = T8ω
3 ω4T2 = q
−1T2ω4 ω4T3 = T3ω4 ω4T5 = q−1T5ω4
ω4T6 = T6ω
4 ω4T8 = q
−1T8ω4 ω4T9 = T9ω4 ω5T3 = T3ω5
ω5T6 = T6ω
5 ω5T9 = T9ω
5 ω6T2 = q
−1T2ω6 ω6T5 = q−1T5ω6
ω6T8 = q
−1T8ω6 ω7T3 = q−1T3ω7 ω7T6 = q−1T7ω6 ω7T9 = q−1T9ω7
ω8T3 = q
−1T3ω8 ω8T6 = q−1T6ω8 ω8T9 = q−1T9ω8
ω2T2 = (q
−2 − 1)T1ω1 + q−1T2ω2 ω2T5 = (q−2 − 1)T4ω1 + q−1T5ω2
ω2T8 = (q
−2 − 1)T7ω1 + q−1T8ω2 ω4T1 = (q−2 − 1)T2ω1 + q−1T1ω4
ω4T4 = (q
−2 − 1)T5ω1 + q−1T4ω4 ω4T7 = (q−2 − 1)T8ω1 + q−1T7ω4
ω5T1 = (q
−1 − q)T2ω2 + T1ω5 ω5T4 = (q−1 − q)T5ω2 + T4ω5
ω5T7 = (q
−1 − q)T8ω2 + T7ω5 ω6T1 = (q−1 − q)T2ω3 + T1ω6
ω6T4 = (q
−1 − q)T5ω3 + T4ω6 ω6T7 = (q−1 − q)T8ω3 + T7ω6
ω7T1 = (q
−2 − 1)T3ω1 + q−1T1ω7 ω7T2 = (q−1 − q)T3ω4 + T2ω7
ω7T4 = (q
−2 − 1)T6ω1 + q−1T4ω7 ω7T5 = (q−1 − q)T6ω4 + T5ω7
ω7T7 = (q
−2 − 1)T9ω1 + q−1T7ω7 ω7T8 = (q−1 − q)T9ω4 + T8ω7
ω8T4 = (q
−1 − q)T6ω2 + T4ω8 ω8T7 = (q−1 − q)T9ω2 + T7ω8
ω9T1 = (q
−1 − q)T3ω3 + T1ω9 ω9T2 = (q−1 − q)T3ω6 + T2ω9
ω9T4 = (q
−1 − q)T6ω3 + T4ω9 ω9T5 = (q−1 − q)T6ω6 + T5ω9
ω9T7 = (q
−1 − q)T9ω3 + T7ω9 ω9T8 = (q−1 − q)T9ω6 + T8ω9
ω3T3 = (q
−2 − 1)T1ω1 + (q−1 − q)T2ω2 + q−1T3ω3
ω3T6 = (q
−2 − 1)T4ω1 + (q−1 − q)T5ω2 + q−1T6ω3
ω3T9 = (q
−2 − 1)T7ω1 + (q−1 − q)T8ω2 + q−1T9ω3
ω5T2 = (q
−1 − q)2 T2ω1 + (q−1 − q)T1ω4 + q−2T2ω5
ω5T5 = (q
−1 − q)2 T5ω1 + (q−1 − q)T4ω4 + q−2T5ω5
ω5T8 = (q
−1 − q)2 T8ω1 + (q−1 − q)T7ω4 + q−2T8ω5
ω6T3 = (q
−1 − q)2T2ω1 + (q−1 − q)T1ω4 + (q−2 − 1)T2ω5 + q−1T3ω6
ω6T6 = (q
−1 − q)2T5ω1 + (q−1 − q)T4ω4 + (q−2 − 1)T5ω5 + q−1T6ω6
ω6T9 = (q
−1 − q)2T8ω1 + (q−1 − q)T7ω4 + (q−2 − 1)T8ω5 + q−1T9ω6
ω8T2 = (q
−1 − q)2T3ω1 + (q−1 − q)T1ω7 + (q−2 − 1)T3ω5 + q−1T2ω8
ω8T5 = (q
−1 − q)2T6ω1 + (q−1 − q)T4ω7 + (q−2 − 1)T6ω5 + q−1T5ω8
ω8T8 = (q
−1 − q)2T9ω1 + (q−1 − q)T7ω7 + (q−2 − 1)T9ω5 + q−1T8ω8
ω9T3 = (q
−1 − q)2T3ω1 + (q−1 − q)2T3ω5 + (q−1 − q)T1ω7 + (q−1 − q)T2ω8 + q−2T3ω9
ω9T6 = (q
−1 − q)2T6ω1 + (q−1 − q)2T6ω5 + (q−1 − q)T4ω7 + (q−1 − q)T5ω8 + q−2T6ω9
ω9T9 = (q




χ1χ2 − χ2χ1 + (1− q
2)(χ2χ5 + χ3χ8) = qχ2
χ1χ3 − χ3χ1 + (1− q
2)(q2χ9χ3 + χ2χ6) = q
3χ3
χ1χ4 − χ4χ1 − (1− q
2)(χ5χ4 + χ6χ7) = −qχ4
χ1χ5 − χ5χ1 = 0
χ1χ6 − χ6χ1 = 0
χ1χ7 − χ7χ1 − (1− q
2)(χ8χ4 + χ9χ7) = −qχ7
χ1χ8 − χ8χ1 = 0
χ1χ9 − χ9χ1 = 0
χ2χ3 − q
−1χ3χ2 = 0
χ2χ4 − χ4χ2 + (1− q
2)[χ5χ1 − χ5χ5 + χ7χ3 − q
2χ8χ6 − (1− q
2)(χ9χ1 − χ9χ5)]
= q3(χ1 − χ5)
χ2χ5 − q
2χ5χ2 + (1− q
2)χ3χ8 = qχ2
χ2χ6 − qχ6χ2 + (1− q
2)χ3χ9 = qχ3
χ2χ7 − q
−1χ7χ2 + (q−1 − q)(χ8χ1 − χ8χ5 − χ9χ8) = −χ8
χ2χ8 − qχ8χ2 = 0
χ2χ9 − χ9χ2 = 0
χ3χ4 − q
−1χ4χ3 + (q−1 − q)(χ6χ1 − χ5χ6 − χ6χ9) = −χ6
χ3χ5 − χ5χ3 + (q
−1 − q)χ6χ2 = 0
χ3χ6 − qχ6χ3 = 0
χ3χ7 − χ7χ3 − (1− q
2)(χ8χ6 − χ9χ1 + χ9χ9) = q(χ1 − χ9)





−2χ5χ4 + (1− q−2)χ6χ7 = −q−1χ4
χ4χ6 − q
−1χ6χ4 = 0
χ4χ7 − qχ7χ4 = 0
χ4χ8 − q
−1χ8χ4 − (q−1 − q)χ9χ7 = −χ7
χ4χ9 − χ9χ4 = 0
χ5χ6 − χ6χ5 + (1− q
2)χ6χ9 = qχ6
χ5χ7 − χ7χ5 + (q
−1 − q)χ4χ8 = 0
χ5χ8 − χ8χ5 − (1− q
2)χ9χ8 = −qχ8
χ5χ9 − χ9χ5 = 0
χ6χ7 − qχ7χ6 + (1− q
2)χ9χ4 = qχ4
χ6χ8 − χ8χ6 + (1− q












(1 + q4) dω1 = −q (1− q2)ω1ω5 − q (1− q2)ω1ω9 − q5ω2ω4 − q3ω3ω7
+q3ω4ω2 − q(1− q2)ω5ω1 + q3 ω7ω3 − q (1− q2)ω9ω1
(1 + q4) dω2 = −q7 ω1ω2 + q3 ω2ω1 − q (1− q2 + q4)ω2ω5 − q (1− q2)ω2ω9
−q3 ω3ω8 + q3 ω5ω2 + q2 ω8ω3 − q (1− q2)ω9ω2
(1 + q4) dω3 = −q7 ω1ω3 − q5 ω2ω6 + q3 ω3ω1 − q (1− q2)ω3ω5 − q ω3ω9 + q2 ω6ω2 + q3 ω9ω3
(1 + q4) dω4 = q3 ω1ω4 − q7 ω4ω1 + q3 ω4ω5 − q (1− q2)ω4ω9
−q (1− q2 + q4)ω5ω4 − q3 ω6ω7 + q2 ω7ω6 − q (1− q2)ω9ω4
(1 + q4) dω5 = q3 ω2ω4 − q3 (1− q2 + q4)ω4ω2 − q (−1 + q2)
2
ω5ω5 − q (1− q2)ω5ω9
−q3 ω6ω8 − q3 (1− q2)ω7ω3 + q3 ω8ω6 − q (1− q2)ω9ω5
(1 + q4) dω6 = q2 ω3ω4 − q7 ω4ω3 − q5 ω5ω6 + q3 ω6ω5 − q ω6ω9 + q3 ω9ω6
(1 + q4) dω7 = q3 ω1ω7 + q2 ω4ω8 − q (1− q2)ω5ω7 − q7 ω7ω1
+q3 ω7ω9 − q5 ω8ω4 − q ω9ω7
(1 + q4) dω8 = q2 ω2ω7 + q3 ω5ω8 − q7 ω7ω2 − q5 ω8ω5 + q3 ω8ω9 − q ω9ω8
(1 + q4) dω9 = −q3 (1− q2)ω2ω4 + q3 ω3ω7 − q5 (1− q2)ω4ω2 − q3 (1− q2)ω5ω5
+q3 ω6ω8 − q5 ω7ω3 − q3 ω8ω6 − q (1− q2)ω9ω9
Table 6





1 − s T2 ω






















(−q2 + s− q2 s+ q4 s)
−q + q3
T3 (ω
1 + ω5)− s T1 ω










1 − s T5 ω






















(−q2 + s− q2 s+ q4 s)
−q + q3
T6 (ω
1 + ω5)− s T4 ω










1 − s T8 ω






















(−q2 + s− q2 s+ q4 s)
−q + q3
T9 (ω
1 + ω5)− s T7 ω








The Lie derivative of ωi
ǫi ℓti ω
1 = q3 ǫ4 ω2+q ǫ7 ω3−q ǫ2 ω4−q ǫ3 ω7+ǫ1 [(−q+q5)ω1+(q−1−q)ω5+(q−1−q)ω9]
ǫi ℓti ω
2 = −q−1 ǫ1 ω2 + q3 ǫ5 ω2 + q ǫ8 ω3 − ǫ3 ω8 + ǫ2 [q5 ω1 − q ω5 + (q−1 − q)ω9]
ǫi ℓti ω
3 = q3 ǫ6 ω2 − q−1 ǫ1 ω3 + q ǫ9 ω3 − ǫ2 ω6 + ǫ3 (q5 ω1 − q ω9)
ǫi ℓti ω
4 = (−q−1+q+q5) ǫ1 ω4−q−1 ǫ5 ω4+q ǫ7 ω6−ǫ6 ω7+ǫ4 [−q ω1+(q−1−q+q3)ω5+(q−1−q)ω9]
ǫi ℓti ω
5 = −q ǫ4 ω2 + (q − q3 + q5) ǫ2 ω4 + ǫ1 ((q − q3)ω1 + (−q−1 + q)ω5) + q ǫ8 ω6+
(q − q3) ǫ3 ω7 − q ǫ6 ω8 + ǫ5 [(−q + q3)ω5 + (q−1 − q)ω9]
ǫi ℓti ω
6 = −ǫ4 ω3+ q5 ǫ3 ω4+ (−q−1 + q) ǫ1 ω6− q−1 ǫ5 ω6+ q ǫ9 ω6+ ǫ6 (q3 ω5− q ω9)
ǫi ℓti ω
7 = −ǫ8 ω4 + (−q−1 + q + q5) ǫ1 ω7 + (−q−1 + q) ǫ5 ω7 − q−1 ǫ9 ω7+
q3 ǫ4 ω8 + ǫ7 [−q ω1 + (q−1 − q)ω5 + q−1 ω9]
ǫi ℓti ω
8 = −ǫ7 ω2+q5 ǫ2 ω7+(−q−1+q) ǫ1 ω8+(−q−1+q+q3) ǫ5 ω8−q−1 ǫ9 ω8+ǫ8 (−q ω5+q−1 ω9)
ǫi ℓti ω
9 = (q − q3) ǫ4 ω2 − q ǫ7 ω3 + (q3 − q5) ǫ2 ω4 − q ǫ8 ω6 + q3 ǫ3 ω7 + q ǫ6 ω8+
ǫ1 [(q3 − q5)ω1 + (−q−1 + q)ω9] + ǫ5 [(q − q3)ω5 + (−q−1 + q)ω9]
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